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If a self-similar solution is to be an asymptotic representation of a specific class of not
self-similar motions, it must be stable with respect to small perturbations, Proof of the
stability of self-similar solutions of the second kind of the Cauchy problem is given in
linear approximation for the equation of elastic-plastic filtration mode derived in [1].
The solution of a similar axisymmetric problem is constructed.

1, As shown in [1], the self-similar solution of the Cauchy problem for one-dimen-
sional equation of elastic-plastic filtration

Ju , [ 0w F*u . , . o
TR AT 2012 . a?(zxy =a® <M a? >0 (4.1
is of the form 1 T
ol t) = (g D i) ST Van )

Here function f is expressed in terms of parabolic cylinder functions determined by
the system of equations
Do (& VoY= 0, M (=1 Vo, Yy Y8270 o= 00 & o gy ad® (1.3)

with the exponent « and the value of § — &, such that gy / & = 0 whenz = ry (£) -
= LVt

let us consider the solution of a Cauchy problem with initial data defined at a certain
instant ¢, are defined by the weakly perturbed self-similar solution
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Up— u ey to) = A 11 (8) + o (&, t)] (a2) "0+
Here p is small and function v (£, ¢,) is such that u (z, ¢;) and the self-similar solution
have only two points of inflection, The surface on which du / 8¢ = 0 is, also, subject
to perturbation and moves according to the law

at)=o+310] Va't, ()= —[% +3 ] Vai

Substituting the perturbed solution into (1.1) and passing to vanable T=1Int, we

obtain the equation
v 0% E ov 1+4a
'a?=85;jz+7g+——2-v 0<E
ov 0% £ ov o e —1d?
Tttt ; v+ m dgfz Eo<ESE+Bi) (1.4
<

N

&o)

=
ov % 0 1
ety GthO<E

©0)

and similar equations for § < 0.
Linearizing the condition du / 9t = 0 at § = &, + B, (?), we find
v 14a 14a ,
B [“517— -2 UL=55 — =5/ E)Br(5)=0

Hence the shift of the boundary 8, (¢) is proportional to the value of the small per-
turbation. When § = §,, the derivative d*f / d§? = 0,consequently the inhomogeneity in
the intermediate region does not result in a discontinuity of dv/ 0§ for p — 0. Lineariz-
ing (1.4), we obtain for v the linear equation

ov 0% £ Ov 14-a
7=8’5§—2+Ta: v (E]<E)
v E ov 1+4a

ot agz‘l‘ P 6E+ PR (€] <Eo)

Here v and dv/ ag are continuous when § = &,.

Let us assume that v = Zwy (E)exp (— Y/,A, 7). To prove the stability it is necessary
to show that all eigenvalues of A are nonnegative and that with ¢ — oo the rate of
decrease of perturbations of the self-similar solution is not slower than that of the solu-
tion jtelf, For function w (E} we have the equation

w  E dw  1+a+A
ezt o g+t =z =0 (18] <o) (1.5)

d? d 1 A
et T+ e =0 (51>8)

Here w and dw / d§ must be continuous for § = &g. It is readily seen that the spectrum
of this problem is discrete,

within the limits of linearized theory it is sufficient to consider separately the sym-
metric and the skew-symmetric perturbations, w,° and w,° ,respectively,

The symmetric solution of Eq. (1. 5) satisfying the conditions at § — oo is of the form

Crexp (— Y% Y) [D,,, (8/ V 2e) + Doy (— E/V 28)), |E1<<E,
Caexp(—YeE) D, ,, (E1/V2), |E|> &

Here D, (z) is a parabolic cylinder function, The characteristic equation for A , after
passing to degenerated hypergeometric functions, reduces to

w1° =
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AA)=(a+ A+ 1)D,,, QM (—1 — Yy (a+ R), Yy Yylo2e™) -+
A D g C)M (— 1y (a4 &), Yg; Vplo%e™) = 0 (1.4

Here @ and {, = &,/ V2 are defined by (1. 3). It will be readily seen from (1. 3) that
Ay = 0 is a root of Eq. (1. 6), We shall prove that its remaining roots are positive. We
transform Eq, (1.6) to the form

AR = CoDa.p_ﬂ (Zo) M(—1—1, (o 4 A), Yo Yylo%e™) -+
4 Dgyrag (Go) [M (— Yy (o0 =+ )y My My Go®e™?) — (1.7)
— M (=1 =Yy (A, Yy Ve §2e)]l =0

According to [2], M (a1, Y/,, z,) is a monotonically increasing function of / when
{ > 0. and zy is the smallest positive root of equation M (a, 1/,, 2} == 0, If {, is the
smallest positive root of equation D, ({) := 0,then D, ., (§,) > 0 for A < 0. Hence

A() >0 forkh <0,

The analogous skew-symmetric solution is of the form

o Csexp (= T [ Dy BV Ze) = Dy, (— 2V 20)] 0CE S B

w, . (1.8)
[ Crexp— 1D, 67/ VI, g <E<
The characteristic equation is of the form
LA B (B (1 b — D M B
>+< 8l)g.|./+1 (\(I) [ "[ 1' (a )\ - l) / 03 / Cq e l) (1”)
-—M (* | - ( -t /2~ /25’1)2 F'_l)] = U

Comparison of this equation with (1. 7) shows that the smallest root of Eq. (1. 9) is
A, == 1.Hence the selfzsimilar solution is stable with respect to small perturbations,
The analysis shows that A, -~ 2 is the smallest positive root of Ed. (1.6), and A,
is the corresponding root of Eq, (1. 9). For considerable periods of time the asymptotic

solution may be presented in the form (1.10;

, A ’ ' s . g t i
Co i@ 1) = (malﬁt)'/2(1+1)( L] @ ® - a@ et )
as was done in [3],

The constant c, is, generally speaking, nonzero, and this confirms the indeterminacy
of constant A in the self-similar statement of the problem in [1].

2, The stability of a self-similar solution of the dipole kind is analyzed in a similar
manner {1]. The perturbable solution is of the form (1.2), where « and g, are determined

from the system Dy (Eo) - 0, M (=100, 3y, Hy; (2 e7l) == 0

Perturbation v (&, ¢) must vanish at & = ¢ , and the eigenfunctions w (E) are then
defined by expression (1, 8). The characteristic equation is of the form
{7z - 1) Doon (o) M (- Vg (o - A - 1), 35 Yal2oe™) +
D (20 M- 1/2 (a4 A o 1), 3y 1,0287Y) == 0
The smallest root of this equation is A == 0,.i.e. the dipole type solution is stable.

3, Let us construct by the method proposed in [1] a self-similar solution of the prob-
lem of elastic-plastic filtration from a momentary axisymmetric source.
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For the equation of the elastic~plastic filtration mode

du du )
we formulate the nonself-similar Cauchy problem with axisymmetric input data
U= ulp, 0) = S0 1 o ( -;’T) , § wo (r) rdr =1 (3.2)

{p is a cylindrical coordinate),
Dimensional analysis makes it possible to present the selution in the form

Q p R ,2
Uomule =g FEme), i= e = o o= 2

The assumption that for n tending to zero function F has finite asymptotics is valid
only in the linear case's = 1. It may be generally assumed that there is an  such that
for n — 0 there exists lim [N"*F (£, n; ¢)] = f (§; ¢).
P | The self-similar solution of the problem (3.1),(3.2)is
then sought in the form

A
By Up —u(p, 1) = (e T 1&e) (3.3)

The equation of the function assumes the form

- (3.4)

GH v
e d2f [ s £\ df .2 +:,«,
V" } ¢ &gt P\g + >(/; =0 0<E<<E)
7, 2 J ’ 5 dzf ( 5 d[ 2Ly
F AT Fog— =0 G<KE<x)
Fig, 1 @ ) s .
» The solution of Eq. (3. 4), which is regular for £ = 0
and satisfies the condition o«
\/@z+as = L
5 in

is expressed in terms of hypergeometric functions M and U [2]
5= ( Bexp (— YVag% ™) M (— /a1, 4 7/48%7),  0KESEo
M= L Cexp (—ViE) U (— Vo, 15482, By <LE< oo

The condition that du /at =0 at p = &, ¥ a,% yields for the determination of «
and &, the system of transcedental equations

M (— Yy, 2; 387 — 2M (—1— Yy, 45 2671y = 0
(20 == Ma5¢%

U~ Yy, 25 20) -+ 20 (—1 — Yoo, 15 20) = 0
Values of a calculated for several e are given below
e =11 1.2 1.5 2.0 3.0 4.0
a = 0.03 0,065 0.16 0.32 0.57 0.81

The pattern of the dependence « (¢) is shown in Fig, 1. For £ ~= 1 we have o = 0,
thus yielding the conventional solution of Poisson, For £ 2> 1 we obtain, as in the one-

dimensional case, ¢ > 0 .
The author thanks G, 1, Barenblatt for posing the problem and G, I, Sivashinskii for his

attention to this work,



162 V., I, Kerchman

BIBLIOGRAPHY

1. Barenblatt,G,1, and Sivashinskii, G, I,, Self-similar solutions of the
second kind in nonlinear filtration, PMM Vol, 33, N5, 1969,

2. Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tab-
les. Washington, D,C,, 1964,

3. Zel'dovich,1a.B. and Barenblatt, G, I,, On the asymptotic properties
of self-similar solutions of equations of unsteady filtration of gas, Dokl. Akad.

Nauk SSSR, Vol. 118, N4, 1958,
Translated by J, J, D,



